We discuss the measurement of polarized photons arising from radiative muon capture. The spectrum of left circularly polarized photons or equivalently the circular polarization of the photons emitted in radiative muon capture on hydrogen is quite sensitive to the strength of the induced pseudoscalar coupling constant gP . A measurement of either of these quantities, although very difficult, might be sufficient to resolve the present puzzle resulting from the disagreement between the theoretical prediction for gP and the results of a recent experiment. This sensitivity results from the absence of left-handed radiation from the muon line and from the fact that the leading parts of the radiation from the hadronic lines, as determined from the chiral power counting rules of heavy-baryon chiral perturbation theory, all contain pion poles.
nucleon, emerge already in the one-loop order. Therefore, higher order contributions in the HBChPT perturbation series will give corrections only to the coefficients of these operator expressions and should be small, in view of the rapid convergence of the chiral series in this reaction. This led us to the conclusion that something other than the ingredients of the hadronic vertices may in fact be the source of the problem. For example, there may be difficulties in our understanding of the atomic and molecular states of the muonic atom in hydrogen. In particular the dependence of the photon spectrum on the initial muonic atom states is non-negligible, so that it is important to try to find a quantity which is less sensitive to the atomic and molecular states but, at the same time, is sensitive to the pseudoscalar constant.
Quite recently, some alternative scenarios for possible resolution of the "g P puzzle" have been suggested by two groups. In Ref. [18] , the photon spectrum corresponding to the experiment of Ref. [1] was fitted by adjusting a parameter ξ, with (1 − ξ) giving the fraction of spin 3/2 ortho p-µ-p molecular state in liquid hydrogen. A value ξ = 0.8 ∼ 0.9 was obtained, which is smaller than the theoretical prediction ξ = 1 [19, 20] and would correspond to a 10 to 20 % component of the spin 3/2 state 2 . In Ref. [14] , on the other hand, the authors speculate that the "g P puzzle" can be explained by accumulation of small effects and variations of parameters, or perhaps by an isospin breaking effect.
As we have observed, the present situation viewed from the context of HBChPT can be summarized as follows. All symmetries of QCD are respected order by order in this theory and the chiral expansion is rapidly converging. The rapid convergence is fortunate, since to improve the theory by calculating higher orders would require including all of the many possible diagrams of the chiral order under consideration and would normally introduce a large number of new low energy constants which would have to be constrained by experiments. Furthermore, the HBChPT results agree fairly well with those obtained from the standard diagram approach, so that all theoretical approaches are reasonably consistent, and unable to explain the RMC data with the predicted value of g P .
It is probably important to remeasure the photon spectrum in RMC, or to measure more precisely the rate for ordinary muon capture (OMC), µ+p → ν +n, as has been proposed [24] . Alternatively, one could consider performing a rather more sophisticated experiment which would be sensitive to some different combination of the ingredients of the problem. In that vein, we want to propose here to measure the polarization of the outgoing photon.
Measuring the photon polarization enables us to choose the most important graphs which involve pion poles and therefore to enhance the dependence of the result on the pseudoscalar coupling constant g P . In the usual transverse gauge 3 by far the most important diagram for RMC is the one where the photon is emitted from the leptonic current. The pseudoscalar coupling constant is an important contributor to this diagram, since g P is so much larger than g V or g A , but its importance is not enhanced by the pion pole because the momentum transfer in this diagram is always spacelike. Therefore, to concentrate on the pseudoscalar constant, we would like to find the channel where this diagram is blocked. The polarization experiment blocks this channel.
The rationale is simple and transparent. Since the neutrino is left-handed, the photon emitted from the leptonic current is right-handed. This was shown for V and A couplings in Ref. [25] and generalized to include the induced couplings as well in Ref. [26] . A measurement of a left-handed photon filters out the photon from the leptonic current, and is thus sensitive to radiation from the hadronic current. The sensitivity to g P comes from the fact that some parts of the hadronic current, and in particular some parts containing pion poles, are of leading order by the power counting rules of HBChPT.
The photon circular polarization in RMC (to be defined explicitly below) has been considered before in the context of a phenomenological treatment of the weak nucleon current parameterized by form factors [26] . There it was shown that the circular polarization (and also the photon asymmetry relative to the muon spin) could be written as
where m N is the nucleon mass and where the coefficient of the O(1/m 2 N ) term involves the various coupling constants. We will discuss below the expansion scheme in powers of 1/m 2 N corresponding to this theorem and its connection to the power counting scheme of HBChPT.
II. LEPTON MATRIX ELEMENTS OF RMC WITH POLARIZED PHOTON
The Feynman graphs contributing to RMC on a proton can be classified into the two classes shown in Fig. 1: (a) the first corresponds to those graphs where the muon radiates, and (b) the second to the graphs where the hadron radiates. The amplitude of the process can then be written as the sum of two diagrams,
where e is the electric charge, G F is the Fermi constant, V ud is a Kobayashi-Maskawa matrix element, and * α is the polarization vector of photon. The hadron matrix elements with three and four legs are denoted by J β and M αβ . Their properties have been studied in Ref. [4] , and are briefly discussed in the next section. The lepton matrix elements with three and four legs, J β and M αβ are given by
where µ (q) is four momentum of muon (photon), m µ is the muon mass, and u µ (u ν ) is the Dirac spinor for the muon (neutrino). First, we study the lepton matrix elements involving a polarized photon. In the laboratory frame we assume that the z-axis of our coordinate system coincides with the neutrino direction and the x-z plane includes the photon trajectory. Thus we haveν = (0, 0, 1),q = (sin θ, 0, cos θ),
whereν (q) is the unit vector of the neutrino (photon) momentum and θ is the angle between neutrino and photon, ν ·q = cos θ. In the transverse (Coulomb) gauge the polarization vectors of the photon are given by *
where subscripts L and R stand for the left-and right-handed polarization state, respectively. In this frame we can rewrite Eqs. (3) and (4) in terms of components of four vectors for each spin state,
where
. Signs (±) and h=(R, L) in the parenthesis of l.h.s. of the equations denote, respectively, up and down muon spin state along the z-axis, and right-and left-handed photon polarization state 4 . Eqs. (9), (10) , and (11) show that the photons radiated from the muon line are totally right-handed polarized [25, 26] .
If one measures the left-handed photons, the amplitude of Eq. (2) is reduced to
αβ is the part of M αβ producing only left-handed photons, where the spin indices of proton and neutron are suppressed.
Therefore we can investigate the part of the hadron four-point matrix element M β (L) which produces left-handed photons, without the interference of the lepton radiating diagram containing the weak nucleon current J β , by measuring the left circularly polarized photons. The circular polarization β, which is defined by
is the spectrum of right-handed (left-handed) photons 5 , has the property that β = 1 for the muon radiating diagram of Fig. 1 (a) [25, 26] . Therefore, for β = 1 + ∆β, the deviation from one,
III. CHIRAL COUNTING RULE AND HADRON MATRIX ELEMENTS OF RMC
HBChPT [28] is a low energy effective field theory of QCD, which has a systematic expansion scheme in terms of Q/Λ χ , where Q is a typical four-momentum scale characterizing the process in question, Λ χ is the chiral scale with Λ χ 4πf π ∼ m N 1 GeV, and where f π is the pion decay constant. Q must be small, typically of the order of the pion mass m π . A typical scale Q in muon capture (both OMC and RMC) is the muon mass m µ = 105.7 MeV, and hence Q/Λ χ 0.1. One therefore expects a rapid convergence of relevant chiral perturbation series for muon capture and the explicit HBChPT calculations are consistent with this expectation [2] [3] [4] [5] 14, 18] .
The effective Lagrangian is expanded as
where the subscriptν denotes the order of terms,ν = d+n/2−2, with n the number of nucleon lines and d the number of derivatives or powers of m π involved in a vertex. L 0 , L 1 , and L 2 are the leading order (LO), next-to leading order (NLO), and next-to-next-to leading order (NNLO) parts of the Lagrangian, respectively, and their explicit form has been given in Ref. [4] . In passing, we should note that the L 1 includes the terms of O(1/m N ) which are corrections to the leading order Lagrangian. In the NNLO Lagrangian we have seven unknown constants, the so-called low energy constants (LEC's), which are not determined by symmetry but must be fixed by experiments. Three of the seven LEC's appear in the three point vertex functions of J β , and they are fixed by the vector and axial vector radius and the Goldberger-Treiman discrepancy [3, 4, 14, 18] . One of the remaining four constants is fixed via a rare pion decay [29] , and the remaining three constants are estimated using the ∆(1232) and ρ saturation method [30] . 6 Therefore there are no undetermined parameters in the calculation. 4 We define the polarization vectors for the lepton current, ε β T and ε β L , as depicted in Fig. 1 , via Eqs. (7) and (8) . 5 The unpolarized spectrum dΓ/dEγ is obtained by dΓ/dEγ = N R + N L . 6 Recently, these LEC's have been determined using data for radiative pion capture [31] and employing the Lagrangian of Ecker and Mojžiš [32] .
Feynman diagrams contained in J β and M αβ through the next-to-next-to leading order. The photon is denoted by γ, the weak current is decomposed into V, A parts, and a dashed line denotes an exchanged pion. Vertices without blobs are from L0, those with "X" are from L1 and those with "•" are from L2 or the one-loop corrections. The five diagrams in the first line are diagrams of LO, which originate from L0. The next ten diagrams in the second line are those of NLO, which contain one "X" of L1. The following 19 diagrams in the third and forth lines are those of NNLO, which contain two "X"s of L1 or one "•" of L2 or a one-loop correction.
Let us look at the diagrams involving the hadron matrix elements J β and M αβ in Fig. 2 . (See the caption of the figure for more details.) The LO, NLO, and NNLO diagrams are drawn in the first line, the second line, and the third and fourth lines in Fig. 2 , respectively. Since, as noted earlier [4] , the series converges well, we expect those diagrams in the first line to be the most important. Both left-and right-handed photons are emitted from the hadron matrix element M αβ , and all the leading order diagrams of M αβ (M0a, M0b, M0c) contain a pion pole.
Observe that two different momentum transfers appear in the pion poles in the M0 diagrams. For M0c and the lower pole of M0b, the momentum transfer q J = µ − ν − q is relevant. q µ near the upper end of the photon spectrum. Thus one is much closer to the pion pole for these diagrams. This means that, other factors being equal, these diagrams will be enhanced relative to those involving q J . Now let us discuss the theorem of Ref. [26] and the connection between the standard Feynman diagram approach to RMC and the HBChPT approach described here. In HBChPT the most important diagram contributing to the hadronic pieces of Fig. 2 is the seagull diagram, M0a. This is just the standard Kroll-Ruderman term, which however is not explicitly seen in the diagrams of the relativistic phenomenological model (Fig. 1 of Ref. [7] ), since that model used a pseudoscalar pion-nucleon coupling. Had pseudovector coupling been used it would have appeared explicitly. It can however be directly identified as part of the diagram M b in Fig. 1 (b) of Ref. [7] where the photon radiates from proton, the proton propagates, and interacts with the lepton current, where the vertex of the weak nucleon current is described by the weak form factors. The M0a diagram is included in the contribution from the negative energy propagation of the proton in the M b diagram. (M0b and M0c can be also identified as parts of (d) and (e) in Fig. 1 of Ref. [7] , respectively.)
In the phenomenological model the amplitude M b can be expanded in terms of 1/m N as
where the nucleon weak form factors are denoted by g V for vector, g A for axial vector, and g P (q W ) for pseudoscalar form factors. κ p is the proton anomalous moment. We confirm the result of the theorem [26] that all the terms in Eq.
(15) are 1/m N corrections. In this approach the form factors are phenomenological parameters. The g P dependent term is formally of order 1/m N , but the form factor g P happens to be numerically large. The connection to the HBChPT approach can be made via the Goldberger-Treiman relation which tells us that the pseudoscalar form factor has the structure due to pion propagation, i.e. a pion pole, and is given explicitly by
. In HBChPT this expression, rather than g P , will appear in all the pion pole terms and the m N in the numerator will cancel the m N appearing in the denominator, thus pushing this term to one lower order in the expansion than it is in the expansion of the phenomenological relativistic model [26] .
We are now in a position to discuss what is known regarding the polarization observables of the muon capture. As mentioned before, a general theorem tells us that ∆β is formally O(1/m 2 N ) [26] . Using a phenomenological treatment of the weak nucleon current parameterized by the form factors one can show that hadron matrix elements are of order [26] , because it contains a term proportional to g 2 P , and g P is large, as is explained in the previous paragraph.
So to summarize, one can understand the connection between the theorem derived by expansion of the relativistic phenomenological model in Ref. [26] and the corresponding HBChPT expansion by noting that there is a one to one correspondence between the 1, 1/m N , and 1/m 2 N terms in the expansion of the model and the LO, NLO, and NNLO terms of HBChPT, except for the pion pole terms which appear at one lower order in HBChPT because the m N in the numerator of g P has been explicitly extracted.
IV. NUMERICAL RESULTS
In Figs. 3, 4, 5 and 6 we plot various of our results for the spectrum and circular polarization of photons, all calculated in HBChPT up to NNLO. There are two major issues to discuss. First, what is the sensitivity to g P of the spectrum of left-handed photons and the circular polarization and, second, how sensitive are these results to uncertainties in our knowledge of the muon atomic states.
Let us first study the sensitivity of the polarization observables to the value of g P . In Figs 3 and 4 we plot the spectrum of left-handed photons and the photon circular polarization, respectively, in the "experimental state" (6.1 % atomic hyperfine singlet state, 85.4 % ortho p-µ-p state, and 8.5 % para p-µ-p state) reported in Ref. [1] for the photon energy E γ = 60 MeV to 100 MeV. We plot three lines which are obtained by using the HBChPT up to NNLO and the relativistic phenomenological model [7] with two g P values, g P /g P CAC P = 1 and 1.5, where g
is the Goldberger-Treiman prediction for g P at the momentum transfer corresponding to OMC in hydrogen. One finds that the results are quite sensitive to the value of g P as expected. The results of HBChPT and the model with g P =g P CAC P are in good agreement in the both figures which confirms that the same basic ingredients are in both models and that the other higher order corrections in HBChPT and terms not included in the relativistic model are in fact small. The case of g P /g P CAC P = 1.5 gives a photon spectrum larger by about a factor of three than the case of g P /g P CAC P = 1. Therefore our result shows the strong sensitivity of the polarized photon spectrum to the different values of the pseudoscalar coupling over the experimentally accessible photon energy region. This is in contrast to the unpolarized photon spectrum where the difference of photon spectra with the two different values of g P is only of the order of 30-40% in the measurable region. The circular polarization is also sensitive and differs for the two values of g P by a more or less constant amount 0.2 over the whole relevant region of photon energy.
Consider now the question of the sensitivity of the results to aspects of the muon's atomic or molecular state. The photon spectrum can always be represented by a linear combination of the spectrum of singlet and that of triplet state capture. The coefficient of each state is determined by the particular target, liquid or gas, by the amount of delay between the muon stop and the beginning of counting, and by the formulas incorporating the various atomic and molecular transition rates which describe the transitions from capture, through singlet, ortho p-µ-p and para p-µ-p molecular states. It is known that there are some ambiguities in the parameters of these formulas, particularly with regard to the ortho-para transition rate [1] and to the possible inclusion of a spin 3/2 component in the ortho molecule [18] .
In Figs. 5 and 6 we plot our results for the spectra of left-and right-handed photons, respectively, for each spin state. The solid, long-dashed, short-dashed, and dotted lines correspond to singlet, triplet, statistical, and ortho states, respectively. ¿From these figures one can see immediately some general features. The spectrum of right-handed photons, which is also essentially the spectrum of unpolarized photons, is much larger than that for left-handed photons. Specifically by comparing the two figures we find that the rate for right-handed photons is about 2.5 times larger than that for left-handed photons for the singlet state and 17.3 times larger for the triplet state, when the spectra are integrated over the photon energy E γ = 60 to 99 MeV. Under the experimental conditions of the TRIUMF experiment [1] , the ortho molecular state is dominant, so that in these conditions one would have about one-tenth as many left-handed photons as right-handed ones. Presumably this enhancement of right-handed photons is due to the strong enhancement of the triplet state and to the fact that the muon radiating diagram dominates, and, as was noted above produces purely right-handed photons.
More specifically, with regard to the question of sensitivity to the atomic and molecular states, we note that if the spectra of singlet and triplet states were the same, the relative amounts would not matter and there would be no sensitivity. From the figures we see that, while this is not the case, the singlet is in fact much more important, and closer to the triplet, for the left-handed photon case than for the right-handed one. Numerically the ratio of the singlet to triplet state spectra, when integrated over the photon energy, is 0.34 for left-handed photons and 0.05 for right-handed photons. This means that the left-handed photon case will depend less strongly on the relative amounts of singlet and triplet than the right-handed case. But one should also take into account the result above that the left-handed spectrum is much more sensitive to g P than the right-handed (or unpolarized) spectrum. Thus one concludes that a measurement of the spectrum of left-handed photons, or equivalently the circular polarization of the photons, as we propose here, should be significantly less sensitive to the atomic and molecular ambiguities per unit of sensitivity to g P than is the right-handed or unpolarized spectrum.
V. SUMMARY AND DISCUSSION
We have discussed RMC on the proton in the case when the measured photon is polarized and have shown that the spectrum involving left-handed photons and the photon circular polarization are quite sensitive to the pseudoscalar coupling constant g P . They are somewhat less sensitive than the unpolarized case to the atomic and molecular spin state as well. This is because the dominant diagram with radiation from the muon vanishes when only left-handed photons are considered and because the chiral counting rules of HBChPT select only the pion poles in the leading order contribution from the other diagrams. Thus these observables include the various ingredients of the problem in a somewhat different way than does the unpolarized spectrum and so their measurement may help resolve the current disagreement between theory and experiment based just on the unpolarized spectrum.
The measurement of polarized photons in RMC on the proton is technically extremely challenging. The spectrum of left-handed photons is only one order of magnitude smaller than that of the unpolarized photons. However to measure the polarization of the photon one needs an additional scattering through an electromagnetic interaction or alternatively needs to measure the angular distributions of the electron-positron pair produced when the photon is stopped. Hence to obtain the same order of precision as that of an unpolarized RMC experiment, the polarization experiment must accumulate more events, say by as much as four orders of magnitude, than the unpolarized experiment. Such measurement is probably impossible with current muon beams and techniques, but may become feasible with the very intense muon beams which are now being discussed.
One should also note that there is an alternative quantity which could be measured, namely the angular asymmetry of the photon relative to the muon spin. By virtue of the general theorem of Ref. [26] this quantity has generally the same features and sensitivities as does β. It is much easier to measure, since one does not need to rescatter the photon, and in fact has been measured in nuclei [33] . However in the case of the proton, the muon loses almost all of its initial polarization as it is captured into atomic orbit. Hence the suppression factor, due now to the low residual polarization of the muon, may be just as large as for the polarized photon observables we have considered here.
On the other hand, in nuclei the capture rate for RMC increases proportional to Z 4 , where Z is the number of protons in the nucleus. This makes measurements of the unpolarized rate in nuclei relatively easy [34, 35] . So it may be feasible to measure the polarized photon observables in RMC on heavy nuclei. Indeed, the pion pole still gives the leading contribution and the general features remain the same, although there are the not insignificant complications in both calculations and interpretation introduced by the nuclear structure.
